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Entropy Production Estimates for
Boltzmann Equations with Physically
Realistic Collision Kernels

E. A. Carlen' and M. C. Carvalho!?
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We establish strict entropy production bounds for the Boltzmann equation with
the hard-sphere collision kernel. Using these entropy production bounds, we
prove results asserting that the rate at which strong L' convergence to
equilibrium occurs is uniform in wide classes of initial data. This extends our
previous results in this direction, which applied only to a very special collision
kernel. Moreover, the present results provide computable lower bounds;
compactness arguments are entirely avoided. The uniformity is an important
ingredient in our study of scaling limits of solutions of the non-spatially
homogeneous Boiltzmann equation, and is the main focus of this paper.
However, the results obtained here provide the only framework known to us in
which one can obtain computable estimates on the time it takes a solution of
the spatially homogeneous Boltzmann equation with initial data far from
equilibrium to reach any given small strong L' neighborhood of equilibrium.

KEY WORDS: Entropy production; Boltzman Equations.

1. INTRODUCTION

In this paper we bound the rate of approach to equilibrium in the
strong L' sense by solutions to the spatially homogeneous Boltzmann
equation with physically realistic collision kernels. Our main tool is a new
quantitative entropy production inequality. Using it, we develop a method
for computing a bound on the time it takes a solution which starts
arbitrarily far from equilibrium to reach any given neighborhood of equi-
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librium. Once an appropriately small neighborhood of equilibrium is
attained, methods based on the spectral theory of the linearized collision
operator are applicable, and provide control over the rate of the final
approach to equilibrium. Our result enables us to estimate how long it
takes a solution with initial data far from equilibrium to reach any desired
neighborhood of equilibrium. /n particular, we can control the way in which
this time varies with the initial data.

In a previous paper on the subject, we presented a qualitative version
of these results for a special collision kernel, and discussed its application
to the study of the relation between hydrodynamics and scaling limits of
the Boltzmann equation. This paper builds on the results obtained in that
paper. Familiarity with the first paper will surely facilitate the reading of
this paper. We shall try, however, to make our exposition readable on its
own.

In the rest of this introduction, we first describe our results. We then
explain the methods by which we obtain them, and finally, we discuss the
relations between our results and methods and those of others.

We begin by introducing some notation and terminology. The
spatially homogeneous Boltzmann equation, which, under certain
conditions,">1828) describes the time evolution of the velocity distribution
of a gas of molecules undergoing binary collisions, is

d
= S0)=2(f,, 1)) (L1

where

25N = | [ L) 15) = f0) S0 blo, v, @) d' doo (12)

The velocities # and ¢’ are related to the velocities v and v’ and the unit
vector w by

i=v+(w-(vV—1))w and V=v—-(w-(v—v))w (1.3)

Here, w is a unit vector, and throughout the paper, dw denotes the uniform

probability measure on S2. Finally, the microscopic rate function b(v, v', w)

is the product of the relative speed |v — v’| and the differential cross section

for the elastic collision taking (v, v’) into (%, '). For example, in the

case of so-called hard-sphere collisions, the microscopic rate function is

b(v, v',w)=|(v—7v') - w|. Our method applies to this case and others to be
described below.

Since f in (1.1) represents a density, we look for solutions of (1.1} in

the space of nonnegative integrable functions. It is convenient to normalize
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J to be a probability. density instead of a mass density; this normalization
is conserved in time by solutions to (1.1).

In addition to [g f,(v) d’v, there are two more physically significant
functionals of f which are conserved under the time evolution described by
(1.1), and one which is monotone. The two conserved functionals are the
bulk velocity u(f) and the temperature 8(f), which are defined by

=] vwdn  oN=3] w-ufe)de  (4)

The monotone functional of f is the entropy H(f), which is defined by

H(f)= —jw In f(v) f(v) d*» (1.5)

This always well defined, admitting — oo as a possible value, for velocity
distributions with finite temperature. The Boltzmann H-theorem says that
for solutions of (1.1), H(f,) is monotone increasing.

Throughout this paper we shall consider solutions of (1.1) with initial
data that has finite temperature and finite entropy. For all the collision ker-
nels we consider here, global existence and uniqueness of such solutions for
quite general initial data have been established, along with the fact that for
such solutions, the mass, bulk velocity, and temperature are conserved, and
the entropy is monotone increasing (see, e.g., refs. 1 and 29). That is, the
conservation laws and the H-theorem, whose classical derivations are
somewhat formal, do actually hold in our setting.

The equilibrium solutions of (1.1) are the Maxwellian densities; i.e.,
those of the form

M(v) = (2n0) ¥ ¢ ~Iv— w120

We shall denote by M/ the Maxwellian density with the same bulk velocity
u and temperature 6 as f.
The entropy production at f is defined by

LY OETSOFL (L6)

since at f, this equals (d/dt) H(f,) when £, is a solution of (1.1) and the
integrand in (1.6) is integrable at f,.
A more precise statement of the Boltzmann H-theorem is that

— [ nf@) 2/, ) d* 20 (17)
R}
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with equality exactly when f= M/, While this does show that Maxwellian
densities are the only equilibrium solutions to the Boltzmann equation, it
does not by itself show that all solutions f, converge to the corresponding
equilibrium M/, and it certainly does not by itself give us information on
the rate at which such convergence would occur.

To see how the H-theorem might be strengthened to yield rate
information, introduce the relative entropy D(f) of f, always with respect

to M7, by
D(f)= jw (Mif> In (Mif) M7 d% (1.8)

Because In M7 is quadratic,
D(f)=H(M’)— H(f) (1.9)

It is clear from Jensen’s inequality that D(f)>0, with equality exactly
when f = M, this is known as Gibbs’ lemma. More is true; when D(f) is
close to zero, then f is close to M. This stability result for Gibbs’ lemma,
which is precisely expressed by the Csizlar—Kullback inequality,"'®’

DNz f— M/}, (1.10)

is one of the reasons we can use entropy production to control the strong
L'(R*) convergence to equilibrium.

QOur main result is a quantitative entropic stability result for the
H-theorem. Precise statements are made in Theorems 1.1 and 3.1 below,
but what we shall establish is a bound of the form

- [ In/©) 20/, Do) P> B(D) (L.11)

where @: R, — R, is a strictly increasing function that naturally depends
on the microscopic rate function b, and that depends on f in a simple,
explicitly computable way. We shall soon explain what this simple
dependence is, but for now we note that what is important is that @
depends on f only through characteristics which are preserved by the time
evolution. This means that given initial data f,, we can choose a single
function @ so that (1.11) holds for all f,. Then since M/ =M%,

d d
S HU)= =2 D)

and we have

d
7 DU < —2(D(f) (1.12)
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Since @ is computable in terms of f,, a standard comparison theorem
for differential inequalities now gives us the desired quantitative rate
information.

The fact that @ must depend on the initial data f;, is made clear by a
result of Bobylev,!” who has shown that for Maxwellian molecules, there
exist for each A >0 physical initial data for which

I fi — M| L1 g3, = Ce™*

Roughly speaking, the characteristics of the initial data that determine
@ measure how far “within” the class of finite-temperature, finite-entropy
densities it is.

The temperature part is easy. Let f be any finite-temperature density.
For each R> 0, define

U (R) = lo—u(f)|? f(v) d% (113)

6(f) -[w—u(f)lzk

Evidently, ¢ (R) decreases to zero as R increases. The rate at which this
occurs is a measure of the concentration of the velocity distribution £. Since
Y ,(R) can decrease arbitrarily slowly, a bound on its rate of decrease is a
measure of how far “within” the class of finite-temperatue densities our
data is.

The entropy part requires an introductory discussion, since it is based
on properties of the adjoint Ornstein-Uhlenbeck semigroup. This is the
semigroup {#: 1> 0} of operators on L'(R", d"v) whose action is defined
by

Zn(y)= Iw M _-u(y') ePnler(y —y')) d"y' (1.14)

where M, denotes the Maxwellian with zero bulk velocity and temperature
a. This can be expressed most clearly in probabilistic terms: if X is an
R?-valued random variable with density f, and Z is an R*-valued random
variable with the density M, independent of X, then % f is the density
of e *X+(1—e~?*)2Z Evidently &, effects a sort of Maxwellian
regularization, and it is clear that

.}im%f=f and Alim Pf=M'
—-0 - o

for all densities f with zero bulk velocity and unit temperature. It is not
difficult to show (ref. 12, Lemma 2.7) that H(Z f) = H(f).

822/74,3-4-19
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For all finite-temperature, finite-entropy densities f, we define the
positive function x, on R, by

1) =H(Z f) - H(f) (1.15)

We have shown that 2+ x,(4) increases continuously from zero, and that,
furthermore, for fixed 4>0, f+ x,(4) is strictly convex and vanishes
just when f= M/ (ref. 12, Lemma 3.5). We shall explain later how these
statements are proved, and why the regularization provided by £, is a
natural tool to use in investigating the Boltzmann equation, but for now
we simply note that an upper bound on the rate at which y, increases from
zero is a measure of how far “within” the class of finite-entropy densities a
given finite-temperature, finite-entropy density f lies.

The function @ in our main estimate depends on [ only through the rate
of decrease of Y/, and the rate of increase of x;.

To obtain our lower bounds on the entropy production, we first
consider the physically artificial Boltzmann equation arising when all
kinematically allowed collisions are run at the same rate; i.., in which the
microscopic rate function b equals constant v. Because of its simplicity, and
in particular the extra symmetries that it posseses, we are able to control
solutions of this Boltzmann equation more closely than is directly possible
with a physical collision law.

It is worthwhile to obtain this control because entropy production
estimates for the simple Boltzmann equation can be transfered to physical
Boltzmann equations essentially on account of the simple fact that the
entropy production is monotone in the microscopic rate function. Observe
that while the hard-sphere rate function is not bounded below, it vanishes
only when the relative velocity v — v’ is orthogonal to w. As is evident in
(L.3), these collisions have no effect. Thus, there will be only a small price
to pay for modifying the hard-sphere rate function so that it is uniformly
positive, and this small price can be safely absorbed into the entropy
production inherited by monotonicity from the corresponding collision
kernel with constant rate.

The passage from the constant rate function to the hard-sphere rate
function that we have just described is explained in full detail in Section 3.
We show in fact that classical estimates of a type first considered by
Carleman®'® provide the means to carry out the monotonicity argument
described above. Carleman’s estimates, which we recall in Lemma 3.1, have
been greatly generalized by recent authors, notably Elmroth‘'!’ and
Gustafsson."?”’ Their results could be used to prove a direct analog of
Theorem 3.1, our theorem on the strong rate of convergence to equilibrium
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for solutions to the hard-sphere Boltzmann equation, for all initial data f,
satisfying

j | fo0)|? dPv<oo  and j 10]% fo(v) d*v < o0
R3 rR3

for some p> 1. However, the analysis would be more involved and less
explicit. For this reason, we instead work, following Carleman, with
Lipschitz initial data possessing many moments. And even in the number
of moments we have been extravagent when convenience could be bought.
Still, the class of initial data with which we work is broad enough to
include much that is of physical interest, and so we have sacrificed nothing
essential in our efforts to keep things simple.

With this much said about the hard-sphere case, we now turn to the
matter that is the subject of Section 2: the entropy production estimates for
Boltzmann equation with constant microscopic rate function b=v that are
the basis of our monotonicity arguments.

First, it is advantageous to rewrite this equation as follows: We
introduce a bilinear operation f, g+ fog on densities, called the Wild
convolution®’ of f and g, by

fog(v)=fsz jwf<v+ (v —v) - 0)@) g(v' — ((v' =) -0)w) dv’ do  (1.16)

The Boltzmann equation with constant rate function b=v can then be
written as

2 10 =L £0)~ £0)] (117)

[Note that we are using f, to denote f(¢, -).]

The use we make of the special symmetries of this equation stems from
the fact that on account of those symmetries, its time evolution commutes
with the action of the adjoint Ornstein—-Uhlenbeck semigroup. Equivalently
put, the Wild convolution commutes with the action of this semigroup
(ref. 12, Lemma 2.8):

PN = (P2 S) (2 S) (1.18)

This result is actually a simple variant of Morgenstern’s result®” that

G ) =(%S)(%])

and ¥, is an operator from the heat semigroup.
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Next note that formally, for any solution f, of (1.17),
I+Al=(1—VAl)fl+(v Al)fr°.f1+0(At)

1.e., f,, 4, is a convex combination of f, and f, - f,. Then, since the entropy
functional is concave, we formally have

H(fr+dl)'°H(fl)
At

2 [H(f,°f)—H(f)]+o(1) (1.19)

Indeed, using a Maxwellian regularization argument made available
by (1.18), we have proved in our previous paper (ref. 12, Theorem 2.1) that
for all velocity densities f, in L'(R? (1+ |v|?)d%) with H(fy)> —oo,
t+— H(f,) is continuous on [0, co) and differentiable on (0, c0) with

£ H) VAU, )~ HU)] (1.20)

We have also established there that (ref. 12, Lemma 2.2)
H(fef)—H(f)=0 (1.21)

and moreover the inequality is strict unless /= M~

Thus, (1.21) implies the Boltzmann H-theorem for the special
Boltzmann equation (1.17), and our problem of obtaining lower bounds for
the entropy production is reduced to that of obtaining lower bounds on
H(fef)—H(f).

If the Wild convolution o in (1.21) were replaced by the ordinary
convolution *, (1.21) would become a special case of the Shannon-Stam
inequality®? for the entropy of convolutions. It is fortunately the case that
the Wild convolution has enough in common with the usual convolution
that the analogy with the Shannon-Stam inequality can be made quite
precise. In particular, we are able to adapt, and further develop, techniques
introduced by Carlen and Soffer in their prooft'® of a stability result for
the Shannon-Stam inequality.

The main reason that (1.18) is so important to us is that, as we shall
explain below, it allows us to rewrite advantaneously the entropy difference
H(fof)—H(f) in terms of a quantity called the Fisher information.

The Fisher information I( f) is defined by

1)=4] V@I do=] Vinfo)lPdsw)  (122)
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The relative Fisher information J(f) of f with respect to M7 is defined by

J(f):=4 L, ‘V (#)m * M) d
=] 1V1n f(0) =V In M) /(0) d* (123)
Easy computations reveal that
J(f)=1If) - I(M?) (124)
and that J(M/)=3/8(f), and hence that
I(f)=J(f) +3/8(f) (1.25)

The Fisher information functional is a convex functional closely related to
the entropy functional. The analog of Gibb’s lemma, for example, is the
fact that I(f) = I(M”) with equality exactly when f = M/; this fact is easily
deduced from (1.24) and (1.23). Further background on the Fisher
information functional and its relation to entropy functional can be found
in ref. 13.

The crucial connection between the entropy and the Fisher informa-
tion is mediated by the adjoint Ornstein-Uhlenbeck semigroup. As
demonstrated in ref. 13, Lemma 1.2, A+ H(#, f) is continuous on [0, c0)
and continuously differentiable on (0, «) for all finite-temperature,
finite-entropy distributions f. Moreover, for such densities f we have

d
FH@N=12]) (1:26)

A consequence of this is that

D(f)= jow JP.S) d (1.27)

Then, since M/=M’"/, D(f)—D(fof)=H(f-f)—H(f) and
J(f)=J(fef)=If)—I(fef). Therefore, using (1.18) and (1.26), we have

H( )= H() =] S~ UB] 2 f)) dh

>[u@n-1as-2ma (128)

for all 0 <a< b < 0.
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The problem of obtaining lower bounds on H(fof)— H(f) is
now reduced to the problem of obtaining a lower bound on
({2 fY—1(P. f-2 f)] in terms of D(f) for values of A that are neither
too large nor too small. Since the microscopic rate function is fixed, the
bound is only allowed to depend on the rate of increase of y, and on the
rate of decrease of y,.

We now explain our solution of this problem. We shall assume
throughout our discussion that y: R, — R is a fixed continuous increas-
ing function with the property that x(0)=0, and that y:R, — R,
is a fixed continuous decreasing function with the property that
limg_, , Y(R)=0. Suppose also that f is a density with zero bulk velocity,
unit temperature, and D(f)>¢ for some fixed ¢>0, and suppose that
xr<yand Y, <.

The function x,enters our analysis as follows: we base our selection of
a and b in (1.28) on the rate of increase of x,. We show in Lemma 2.1
that there is a number A(y, ¢) >0, explicitly computable in terms of the
indicated arguments, so that

JP fy=D(f) whenever A< A(y, D(f)) (1.29)

Since J(#, f) = D(f) throughout the region of integration on the right
side of (1.28), our problem is now reduced to that of obtaining a lower
bound on

inf{I(g)—I(g-g) | J(g)>e,g=2, f and A(% e)2<A< A(y, ¢)} (1.30)

Since #, has a number of evident regularizing properties, it is easier
to estimate the infimum in (1.30) than it is to estimate directly
H(fof)— H(f). The regularizing properties that are crucial here are that
%, is smoothing and that it produces pointwise Maxwellian lower bounds. In
fact, we show in Lemma 2.2 that for all g of the form g=2, g,, where g,
is any density with u(g,) =0 and 8(gy)=1,

IVIn g(v)I? < Ky (4) p(v) (1.31)

where p is a density with y, comparable to ., and
g(v) 2 Ky(4) My _ -2y(v) (1.32)

where the constants are explicitly computed functions of 1 alone. Recall
that M, denotes the Maxwellian with zero bulk velocity and temperature o.

Maxwellian lower bounds, such as we have in (1.32), seem to be essen-
tial in estimating the entropy production, and the fact that 2, produces
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them automatically saves us from imposing any artificial assumptions
about the existence of such bounds.

In addition to the help provided by the regularization, we are helped
by the fact that I(g) is quadratic in g'/2. Using all of this together, we show
in Lemma 2.4 that the infimum in (1.30) is bounded below by

K3(4) inf {JRJ lco+d+V1n g(v)|? My, _ -2y(0) d*v

ceR,de R’} (1.33)

where, again, K, is an explicitly computed function of A. This is the most
involved part of our argument. In an intermediate step, we need bounds on
the eigenvalues of an operator closely related to the quadratic form on the
right side of (1.33); these are worked out in Lemma 2.4.

The right side of (1.33) bears a close resemblance to a multiple of J(g).
We now make use, for the first time, of the fact that ¥, <y to turn this
resemblance into a bound. Because of (1.31) and our assumption on ¥,
we can choose an R large enough that at the minimizing ¢ and 4,

j IV In g(v) + cv + d|? g(v) d*v < J(g)/2 (1.34)
vl = R
For this value of R, consider
j lco+d+V1n g(v)|2 My _ o-2(v) d% (1.35)
lvj= R

which is obviously less than the quantity in (1.33). Call this value of R,
which depends on ¢ and ¢ :=J(g), R(Y, 4, ¢).

Now clearly, we can replace M, ,-x,, in (1.35) by g at the expense
of a multiplicative constant depending on 4 and R(y, 4, ¢), ie., on 4, ¢,
and e. What we are left with is a multiple of J(g) which exceeds D(f) for
the values of 1 under consideration. This gives us our bound on
H(f~f)—H(f).

Now simply keeping track of the explicit form of the constants in the
cited lemmas, we prove:

Theorem 1.1 (Entropy production bounds for the constant rate
collision kernel). Let f be a density with zero bulk velocity and unit
temperature. Let y be a function that increases continuously from zero,
and let ¢ be a function that decreases monotonically to zero. Suppose that

<X and <y (1.36)
Then,
H(fof)—H(f)=®, ,(D(f)) (1.37)
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where
D, .y(€) :=(A(x, €)e/4) I'y(A(%, €)/2, €)
Ty(4,e):=[10""e~ #5172 e~ Rule )2 (#) (1.38)
R, (g, 1) :=inf {R | (24 (R/2) + Y a0, (R/2) + ¥ a1 (R/2)]
% Yi0-2 —1,-4/(51)
<<3+B> 10721[10 e ]} (1.39)
and
A(x, ) :=sup{2 | x(A)<&/2} (1.40)

Remarks. The recipe for computing &, , is somewhat complicated.
While it clearly produces a strictly increasing function, this function in
general increases very slowly.

As described in our first paper,'?’ our goal is to obtain bounds on the
time it takes to reach a given small neighborhood of equilibrium that are
independent of the initial data for all initial data within a given large class.
This we obtain for the classes determined by y and ¢. For the applications
described in ref. 12 it is the uniformity, as opposed to the times themselves,
that matters.

However, the fact that our results provide a framework within which
bounds on the times of approach to equilibrium can be computed is not
without physical interest. Indeed, by the spectral analysis in Arkeryd‘® and
Wennberg, ®® one knows that after one reaches such a neighborhood, one
has uniform exponential control on the final approach to equilibrium.
However, published results give no clue as to how this first arrival time
might vary with the initial condition; this time is always shown to be finite
by a compactness argument.

The problem is that the finite times provided by a compactness
argument may well be so large as to have nothing to do with physical
applications: consider Poincaré recurrence times, for example. (We thank
Ed Nelson for suggesting this example in this context.)

Thus, it is natural to enquire whether or not our bounds lead to physi-
cally realistic estimates on the time of approach to a sufficiently small
neighborhood of equilibrium that the exponential convergence driven by
the linearized Boltzmann equation must set in. The answer is that we
obtain physically realistic times only under the assumption of substantial
additional regularity of the initial data with presently available results on
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the regularity of solutions of the Boltzmann equation. It may be possible
to prove that such regularity as we need is quickly produced for quite
general initial data, and we are studying the question. [A relevant example
of this “automatic regularization” is given in (3.10) of Lemma 3.1.] Thus,
it is worthwhile to discuss briefly the nature of this additional regularity.

To get a feeling for the situation, let us consider a concrete example
in which the various quantities in Theorem 1.1 can be worked out
explicitly.

Suppose that

If,)<o  and C(fo):=fR3lvl“’fo(v)d3v<oo (1.41)

While these conditions are not terribly restrictive, they permit very explicit
computations.

As shown in ref. 12, x,(1) < I(g)4 for all g, and x,(4) is monotonically
decreasing in ¢. Thus, x,(1) <x(2) :=1(f,)A for all + and A.

One now easily works out from the definitions that

A(x, &)= min(e/(21(fy)), 1/10)
R3(e, 1) S 10°C(f,) eA~2[ 10~ "e~ 50 !

The problem is that if we have, say, /(f,) = 10? and we want to bound
the time it takes to drive D(f,) below, say, 102 we have to work with
A(x, €)= 10~% Because of the factor [10~'e~%®"] in (1.39), this leads to
alarming numbers. To arrive at physically realistic numbers, we must find
a way to work with larger values of A or to eliminate the term
[10~'e~#*7] from our analysis, or both.

These things can be done under additional hypotheses on the initial
data f, that we now explain. Without additional hypotheses, however, we
must content ourselves with the uniformity in the initial data.

We first briefly explain how the term [107 '~ %] enters our
analysis and what can be done to avoid it. In all estimates of entropy

production, e.g., those of Desvillettes'!”’ and Wennberg,®® pointwise
Maxwellian lower bounds of the form
f(v) =AM, (v) (1.42)

for some A >0 and some o> 0 play a crucial role. Unfortunately, there are
no proven a priori bounds of this type for the Boltzmann equation
(uniformly in time) even when they are assumed for the initial data.
A crucial role of the Ornstein—-Uhlenbeck semigroup in our analysis is
that it produces such bounds, as we have explained regarding Eq. (1.32).
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While (1.32) gives us the lower bounds we need, so that we need make no
artificial assumption concerning (1.42), it is from the constant in (1.32) that
the term [10~'e~%47] enters.

Under the additional hypothesis that

flwy=4 for Jv|<1 (143)

we can replace [107'e~¥“Y] by AA~*? throughout our analysis. For-
tunately, by slightly extending an argument of Carleman,®’ it is possble to
establish (1.43) as an a priori bound at least in the case of hard spheres. If
one, moreover, had a bound of the form (1.42), one could, as we shall see,
eliminate the inverse power of 2 from the exponent in (1.38). One would
then be able to obtain realistic times.

Without such an estimate, one must find a way to work with larger
values of 4. The problem is, as should be clear from the description of our
method, that large values of A tend to almost entirely wash away D(2, g)
and J(Z, g). The simple Lemma 2.1 which we use to control this “washing
away” seems to be an obvious place to look for room for improvement.
This can be made, but—again—with additional strong regularity assump-
tions on the initial data.

It is clear that if D(g)#0, then D(£, g) cannot vanish for any value
of A. Thus one expects that it should be possible to prove lower bounds on
D(#, g) even for Az 1, in terms of D(g), 4, bounds on the moments of g
(or, what would be the same, bounds on ¥.), and bounds on the
derivatives of g. If one replaces the condition on I(f) in (1.41) by a condi-
tion on, say, [z |(—4)° f(v)| d°v, one can easily derive a lower bound on
D(Z.f) suitable for the derivation of realistic times. Such bounds are
propagated uniformly in time by the constant-rate-function Boltzmann
equation, but we do not know if this is the case for more physical collision
kernels (though this seems likely).

We shall not develop this part of the subject further in this paper
because it is somewhat incidental to the main purpose of our investigation,
and we just do not know what combination of improved pointwise lower
bounds and higher-order smoothness estimates provide the best route to
realistic estimates on the times of approach to equilibrium. We do intend
for it to be clear that the results of this paper do provide a framework
within which such bounds can be established. For this reason, we carefully
track all constants throughout Section 2. In Section 3, our empbhasis is dif-
ferent. We wish to show that the methods introduced in ref. 12 and further
developed here do apply to physically realistic collision kernels—such as
that for hard spheres. Our aim in this section is to show how the size
of which constants in which inequalities affect the rate of approach to
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equilibrium in which quantitative way, but we shall not actually try to
compute the rates themselves.

We finally turn to the matter of related investigations, of which there
are many. The use of Fisher information inequalities in proving entropy
inequalities goes back to Stam.“*?' Fisher information was used by
Linnik®* in his proof of the central limit theorem by means of entropy
production. McKean®® was the first to bring such ideas to bear on the
Boltzmann equation in his study of the Kac model, a one-dimensional
caricature of Maxwellian molecules. Later, Toscani**** developed some of
these ideas for actual Maxwellian molecules.

Another paper of Toscani®® is of particular interest here: He shows
that for solutions of the Boltzmann equation for Maxwelilian molecules,
(d/dt) I(f,) <0: this controls x,. Since the rate function for Maxwellian
molecules is bounded below, the bounds of Section 2 are directly applicable
to Maxwellian molecules by monotonicity of the entropy production in the
rate function.

The method of getting lower bounds on the entropy production in
terms of the relative entropy itself was introduced for the central limit
theorem by Carlen and Soffer.!"*’ The method was developed further and
extended to the Boltzmann equation by Carlen and Carvalho,!'? but there
only for rather special collision kernels, and only qualitatively. We show
here, as promised there, that the methods apply for physically realistic
collision kernels as well.

Much more detailed discussion of the vast literature on entropy
production can be found in our first paper’?); we have repeated only the
essential points here.

2. ENTROPY PRODUCTION ESTIMATES FOR THE
BOLTZMANN EQUATION WITH CONSTANT MICROSCOPIC
RATE FUNCTION

In this section, we prove the lemmas concerning the Boltzmann equa-
tion with a constant microscopic rate function that were described in the
introduction. Here, we state them in complete detail, and keep explicit
track of all of the constants.

We begin with a simple consequence of Gross’' logarithmic Sobolev
inequality.*?

Lemma 2.1 (Lower bound on J(Z f) in terms of D(f), x,,
and 1). Let f be any density with zero bulk velocity, unit temperature,
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and finite entropy. For any function y increasing continuously from zero,
define
A(x, ) :=sup{A | x(4) <¢/2} (2.1)

Then, whenever 1< A(x,, D(f)),

J(Z,f) = D(f) (22)

Proof. By the definition (1.15) of x,, D(#, f) > D(f)/2 for all A such
that x,(1) < D(f)/2. Gross’ logarithmic Sobolev inequality®® states that
J(f)=2D(f). (See ref. 11 for a statement in this form as well as several
proofs.) It is thus clear from Gross’ inequality that J(#, /)= 2D(#, f)=
2(D(f)/2) for all 1 such that y (1)< D(f)/2. 1|

We next summarize the relevant regularizing properties of #,. All of
the statements in the following theorem are simple variants of known
estimates for the heat semigroup.®

Lemma 2.2 (Regularity estimates on the range of ). Let f be any
velocity density with zero bulk velocity and unit temperature. Suppose that
0 <2< 1/10. Then the following hold:

(i) Pointwise upper and lower bounds:
107 'e~YEOIM | -)n(0) S B f(v) < (4r) 72 2732 (2.3)
(ii) Smoothness bounds:
VIn 2, f(v)]> 2, f(v) 104" (M3, % f B (v)Y (24)
where * denotes convolution, and f*)(v) denotes e**f(e’v).
(iii) Concentration bounds: For all R> 1
Yo [(R) < SOLYa(R/2) + ¥ pr _,-2(R/2)] (2.5)

Proof. The condition 0<A<1/10 is imposed for the sake of
convenience (since anyway we will mainly be concerned with small values
of 2). In this range we have

(8/5)A<(1—e"?)<22 (2.6)
The upper bound in (2.3) is elementary. The lower bound is established as

follows: Let g(v) be any density with zero bulk velocity and temperature no
greater than one. Then for any « > 0, making use of the fact that

d*v>1/2
Lvlgﬁg(v) v=1/
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by Chebychev’s inequality,

LMa(v—v') g d' > M (v—v') g(v') d*’
24

vl < /2

2 (2)7 e "M, p(v) (2.7)

Choosing « = (1 —e~?*) and g as in the definition (1.14) of &, f, we obtain
the lower bound.

The inequality (2.3) is proved by adapting a heat semigroup argument
of Barron.® This is easy to do, but because we need explicit constants, we
carry out the estimate here. Let g=4, f. Then by (1.14)

1
|Vg(v)| = ‘——1 —ZZJ (U’ — U) M“ _e—u)(U— v’) e”f(e}'(ﬁ)) dBU/
— € rR3

1

<
T1—e

1/2
- U 1" =0 M _ (0 — 0') € (4(6) d%']
R

1/2
x Uw My _ (v — ') e (e(5)) d%']

172

But the last factor on the right is g"/<, and we have

[VIng(v)I*g(v)< (1 —e‘”‘)‘zf o' =0l My _ -2 =) e¥f(*(8)) d*v'
R3

Now note that for any f>a
WM, (w)/ M g(w) = (Bfa)*? wle === %238 < (BJa)*2 [20B/(B — )]

With o = (1 —¢~?*) and f =34, we can simplify this expression using (2.6)
and bound it above by 100/ uniformly in w. We use this uniform bound
to absorb the factor of |v'—v|? into M, _,-u,(v'—v), and (2.4) is now
established by elementary estimates.

Finally, let ¥, and V, be independent R*-valued random variables
with zero means and variances no greater than 3 (i.e, temperatures
no greater than unity). Suppose that they have densities g, and g,,
respectively. Then V|, + V, has the density g, * g,. Therefore, using E to
denote the expectation,

'/’gn -gz(R)=E1{IV|+ Vil = R} |V1 + V2|2
<2EI{IV|I>R/2)(|V1l2+ [Val?)+ 2E1 15 gy (VAP + 1V,%)
S 2Y,,(R/2) + (48/R%) Y, (R/2) + 2¥,,(R/2) + (48/R%) Y, (R/2)
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This clearly establishes (2.13), and we record the bound

Ve o e R)SSO[Y,(R/2) + ., (R/2) ] (2.8)
forall R>1. |

Remark. The unfortunate factor of e~ %" in the lower bound of
(2.3) arises because the fact that 8(f)=1 only gives us a lower bound on

j f('yd»  for R>1
i< R

This prevents us from replacing the \/5 in (2.7) by a variable R to be
optimally chosen depending on A. If, however, we posses a priori lower
bound of the form

flv)= 4 for |v]<1 2.9)

we can replace (2.7) by

j M (0—v) g(v') d%';f M, (v—v') g(v') d°'

[CRES

> A(4n/3) RPe~ KM, 5(v) (2.10)

We then choose R*=a and a=(1—e"?*) and obtain the following
estimate:

Let f and A satisfy the hypotheses of Lemma 2.2, and suppose in
addition that (2.9) holds. Then

%f(U)ZAP/zM(He-H)/z(U) (2.11)

We shall see in the next section that for hard-sphere collisions and
uniformly continuous initial data, we have bounds of the form (2.9)
uniformly in times ¢>1 for solutions of the Boltzmann equation with
uniformly continuous initial data. In fact, by slightly extending a result of
Carleman,® we have the a priori bound

lIn f(v)] < 4'(1+ |0]°)

for all v in the setting described above. The constant A’ depends only on
the modulus of continuity of the initial data. The exponent 3 can be
brought arbitrarily close to 2 at the expense of increasing A’, but it cannot
be brought all the way to 2 with available estimates.
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Thus, in the hard-sphere setting that we discuss in the next section, the
estimates (2.9) and (2.11) will be available. For general initial data,
however, (2.4) is the best estimate we have.

We now prove the main estimate of this section. It is a descendant,
considerably more involved, of a convolution estimate of Brown.®

Lemma 2.3 (Variational bound for the information dissipa-
tion). Let f be a velocity density with zero bulk velocity and unit
temperature. Suppose further that /=%, g for some 0 <1< 107" and some
other such density g. Then

I(f)—1(f-1)
>I(f)—l /1[10—16’_4/(5“]2

xPM{LJ@+b+VMf@WALFFMde%

a,b}] (2.12)

where a and b range over R and R> respectively. Furthermore,
I(f)<101~! (2.13)
and the infimum in (2.12) is attained at some pair a, b with
a*+ b2 < [107 e =¥CY [(f) (2.14)

Remark. We have kept the term [10~'e~%>}7] separate and in
square brackets since this terribly small term may be replaced by the much
larger (for small 1) term [AA*?] under the condition (2.9) so that (2.11)
holds. To make clear that this is so, we shall avoid simplifying constants
containing the term [10~'e~*Y7] throughout the proof. We shall thus
have that: Under the further condition (2.9), (2.12) and (2.14) hold with
[10™'e=*5YT replaced by [A4>*].

The most involved part of the proof is an estimate on the spectrum of
a quadratic form closely related to the integral on the right side of (2.12).
We now state and prove this estimate as Lemma 2.4, and then return to the
proof of Lemma 2.3.

Let M, denote the Maxwellian with zero- bulk velocity and tem-
perature a, and let #, denote the Hilbert space of nonconstant functions ¢
with square-integrable distributional gradient equipped with the norm

I1913.= [ | 1V6()1* M. (o) d
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in the usual way. For each we S?, let
Pl=0o®w and Pl=I-0®ow (2.15)

be the corresponding orthogonal projections on R*. Define the quadratic
forms &!! and &7 by

2
&g, 8):={ [ |[ PLVSE) M) & | M (0) d% doo
s2YRI [/R3
2
exo.0)=[ [ |[ PLV40) M) > | M,(0)d% do
s2dpd [Jm3
Then define
69, 9)=6(4,9)+ 81 (4, 8) (2.16)
Define positive operators C, and D, on L*(R3, M,(v) d*v) by
<¢, Ca¢>L2(M,(v)d30)=ga(¢’ ¢) (2-17)
and
(8 Db s = || IV M,(0) d (2.18)

It is easy to see that if ¢(v) is a polynolmial of degree m in the components
of v, then so are C, ¢ and D, 4. As Grad®"? observed in connection with the
linearized collision operator, this implies that the eigenfunctions of C, and
D, are Hermite polynomials. Moreover, since both operators are rota-
tionally invariant, the particular Hermite polynomials that arise as their
eigenfunctions are exactly those that can be written as products of
Laguerre polynomials in |v|? and solid spherical harmonics. Thus, C, and
D, can be diagonalized together.

In fact, D, is a well-known operator—it is the quantum mechanical
harmonic oscillator Hamiltonian (with restoring force depending on a) in
the ground-state representation. Its spectrum is therefore well understood,
and easy to work out. We need certain information concerning the relative
sizes of corresponding eigenvalues of C, and D, in what follows. First,
it i1s clear from Jensen’s inequality and the identity M, (v) M, (v')=
M (D) M (') that

&6, <[ 1990) M,(0)

In other words, C,<D,. We shall need a somewhat stronger statement,
which we give in the next lemma.
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Lemma 2.4 (Eigenvalue estimates). Let o, denote the subspace of
M, spanned by

vy, Uy, Uy, and |v|*—3a (2.19)

Then
C,0=D._¢ if and only if ¢eJf, (2.20)

Furthermore,

848, 9)<13/15 [ IVH0)* Rfy(w)  forall gexs (221)
®?

Proof. We first note that since scaling relates the spectrum of C, to
that of Cy in the same way it relates the spectrum of D, to that of Dy, it
suffices to prove the result for any fixed value of «. For convenience, we
choose a=1/2, and write M for M,, in the rest of the proof. We shall
likewise drop the a subscript from all operators and quadratic forms during

the proof.
Let L? denote the nth Laguerre polynomialof order y; i..,

Y LI rr=(1=n0rDemti=n g < 1 (2.22)
n=0
Let %, ,,(v) denote the solid spherical harmonic of order /. By what we have
said above, the eigenfunctions of both C and D are the functions ¢,,, ,
where
Prmn(0) :=F (0) L 3([0]%) (2.23)

for 120, —I<M<I and n>0.
These eigenfunctions are not normalized, but it is easy to see that the
norm of ¢,,,, is independent of m. Using the identity

— ~ Iy+1)I(n+3/2)
L e .yLm(y)dy—fsm.n< r(n+1)1"('y+1)>

one easily obtains

. 2 -
Cl,n = "¢1.m,n" Lz(Ml/z(u)dlv) - 21+ 1 2

1 ﬁ(r(w 1) M(n+3/2)

2\ Mn+ ) Ty+1) ) (2.24)

Next, we observe that since C and D are rotationally invariant, their
eigenvalues do not depend on m. Thus, we may define 4,, and y,, by

C¢l.m.n= ll.n¢l,m.n and D¢I.m,n=/*‘l,n¢l,m‘n (225)

822/74/3-4-20
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What we are required to show is that

Ajn=u;, forl+n=1 and A <(13/15)y,,, for l+n=2
(2.26)

Actually, it is much easier, and suffices for our purposes, to work with
only a part of C, and thus with only a part of 4,,. Define

<¢’ C”¢>L2(M(v)dlv) = éu”(¢9 ¢)

and in the same manner define C*. It is easy to see that C, C!! and C* are
all diagonalized by the ¢,, , basis, and evidently, if we denote the
eigenvalues corresponding to C!' and C*, respectively, by 4!/, and 4;',, then

A=Al + 21, (2.27)
The analysis that led to 4,,<y,, clearly shows that
Ma<UB3Ypy,  and AL <(2/3) gy
Thus, to establish the inequality in (2.26), it suffices to show that
A< (1/5) for I+nz=2 (2.28)

We now show that the inequality in (2.28) holds whenever /> 2; this
reduces the demonstration of (2.26) to the computation of the eigenvalues
A)l, with /=0 and /=1.

Simple group-theoretic considerations expedite the computations now
before us. Fix any weS? and some rotation R, taking the vector

e;:=(1,0, 0) to w. Introduce new coordinates w,, w,, and w; by w= R 'v.
In these coordinates, w -V =d/0w,.
Note that
Bro.n(v)= ¢/,0.n(Rw w)=%,,,(Rw) L:.+ l/2(|W| 2)
!
= ¥ RO.(0) ¥ (w) L 2(Iw]?) (2.29)

m= —1

where R{}(w) is the (2/+ 1)x (2/+ 1) matrix representing R,. The first
step in computing &' (0., #10..) is to perform the average

1
2] Bronw) et dw, d, (230)
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of ¢,,..(v) in the plane perpendicular to w. Writing (2.30) out using (2.29),
it is clear that the only term in the sum that survives is the m=0 term.
Thus, the quantity in (2.30) is

REW@) [ Branlw) =5 dw, dw, = R{Y(w) Fiplws)  (231)

The second step is to differentiate this with respect to w;, square the resulit,
and integrate against (l/ﬁ)exp(—wg). The third and final step is to
average with respect to w. Since all of the w dependence is in the R{\(w)
factor, and since [ |RYy(w)|? dw = 1/(2+ 1), we obtain

2

&' —F,(wy)| e~ dw,  (2.32)

dw,

¢IOn’¢IOn 21+1\/‘J.

The by now familiar argument based on Jensen’s inequality shows that

F/ AW 3) ,,.§ dws

2
< M) d*w< | | Vy0,(w)* M(v) dw (233)
=3

=3

Combining (2.32) and (2.33), we have that 1), <[1/(2/+1)] p}',, and thus
(2.28) is established in all cases in which /> 2.

In order to compute the /=0 and the /=1 series of eignevalues of C!,
it is useful to introduce a generating function for the corresponding
eigenfunctions. Fix any / and define the generating function g,(v, 1) by

=3 $roav) 1" (2.34)
n=90
By (2.22) we have
£1(0, 1) = Fo(0)(1 = 1) "1+ =ttt =0

Clearly

<g1('1 t)v C”gl('9 t)>L2(M(v)d3v)= Z cl.nl},lntz" (235)

n=0

Since for each fixed ¢, g,(-, ¢) is the product of an explicit polynomial and
an explicit Gaussian function, the inner product on the left in (2.35) is
readily computed and expanded as a power series. Equating coefficients
then determines the 4;,.
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To carry out the computation, we introduce coordinates w,, w,, and
w; adapted to w as before. Then, as before,

gl(v$ t)=gl(waa t)

!
= T RU@) Y uw)(1— )"+ =0 =0 (3 36)

m= —{

The first step in computing the left side of (2.35) is to perform the average
1
—.[ g, (0, 1) e~ ™) dw | dw, (2.37)
T ‘®2

of g,(-, 1) in the plane perpendicular to w, and, as before, the only term in
the sum that survives is the m =0 term. Thus, the quantity in (2.37) is

ZRON@) [ 810 0 e= D dw, dy 1= REY(@) Gi(ws) - (238)

The second step is to differentiate this with respect to w,, square the result,
and integrate against (1/\/7_1) exp(—w?2). The third and final step is to
average with respect to w. As before, we obtain

2
e " dw, (2.39)

1 1 d
681, 0 81 ) =3y - Jo | G102

By direct computation, one finds that

2 @it

E"(gol> 1), go(-, N =201 =)= Y (2.40)
o 2'n!
Comparison with (2.35) reveals that
A, =4n/(2n+1) (241)

In the same way, one finds that &'"(g,(-,¢), g.(-, )=
(1 +2:3)(1 —*)~32, and thus, that

A, =@n+2)/(2n+3) (2.42)

Of course, through the relation of D to the quantum mechanical
harmonic oscillator mentioned above, it is well known that

fyn=21+4n (2.43)
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This may also be directly established by the generating function method
that we have just applied to the computation of 4, ,,.

Together, (2.41)-(2.43) establish the validity of (2.26) in the remaining
cases. |

Proof of Lemma 2.3. We begin with certain square-integrability
bounds that pave the way for the application of Lemma 24. First,
integrating (2.4), we obtain

1(f)=jw IV In f(0)|? f(v) d* < 104~ (2.44)

For the rest of the proof we fix a:=(1—e"?*)/2. By (2.3),
f(v)/M (v)=[10~'e~¥657] pointwise, and thus

.[ IVIn f(0)|* M (v) d*o< [107'e~¥CUT7 1 I(f)

rR3

We now define ¢(v) :=In f(v), and rewrite the last estimate using (2.3) as
f IVé(0)|2 M, (v) d* < [10™ e~ 4511~ 1 101! (2.45)
w3

Some further notation must be introduced. This notation corresponds
to that used in the proof of Lemma 3.2 of ref. 12, which is a qualitative
version of the present Lemma 2.3. For each fixed w e S?, define

1/2
G, v') = fV2(3) f'2(#")  and gw(v)=[j Gw(v,v')Zd’u'] (246)
RJ

We also define

fouf=[ 100 f(3)d*
"3
Note that fo, f=g,(v)? and hence,
fof@)=[ foufdo={ g,v)do (247)
5?2 s?
As in the proof of Lemma 3.2 of ref. 12, we define

IVeul?= ] | Ve, (v)l d

IV, G2 = fw fnl V.G (v, v')|? d% d'
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and note that

4|V P =Kf-n 1) 4V, G I*=If) (2.48)
Then since
3=IM/)<IK(fo, f)SIf)<10A~! (2.49)
we have
V 2
i< Vgl <1 (2.50)

If) " IV,G, 12~
We have shown in Lemma 3.3 of ref. 12 that

”Vva" 2— "Vga)" 2
IV, Gl

IIVgL,,II2
iv G,l? La L@ Vg

x G (v, v')? d*v d*’ (2.51)

2

2
——2=Ving,(v)-V,In G (v, v")

The left side of (2.51) is 1/4[I(f)— I(f~,, /)]. To express more simply the
right side, we define

IV, G, l?

Vol = g

Ing,(v)
and note that on account of (2.48) and (2.49), VY, is square integrable.
Also, note that

V.In G, (v, v') =3V, 1In f(8) + 3V, In f(5") = (P V$)(®) + (P}, Vg)(¥")

where the projections P, and P} are those defined in (2.15).
We can now rewrite (2.51) as

I(f)=1I(fou f)

ﬁ“o e [ [ IVL(0)— [(PL V9)5) + (PL V)]

x M (v) M (v')d% d> (2.52)
where we have used (2.3) to replace G(v,v')? with [107le~ %5472
M. (0) M,(v")
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We use Lemma 2.4 to estimate the cross term in this integral: First,

2 ‘ [ [ 1V0u(0) - TPE VBYE) + (PLLVSII)T} Mof0) Mo(0') dv dPv

<[ VY0 M (o) d%
w3

+]
w3

(We have first carried out the v’ integration, and then used the arithmetic-
geometric mean inequality to estimate the effect of the v integration.) Thus
the integral in (2.53) is no less than

J‘ ([P, VE)(®) + (P, V)#')] Mo(v') dv’ 2 M, (v)d’v (253)

J,, Vo) M(v) d

2

- ] [ L(PL V) + (PLVE))] M) & | M) d*  (254)
®3 | w3
Next since f+— I(f) is convex,

1f)=1ff)Z [ U) =1 o0 f)) do
Thus, from (2.52) and (2.54),
1)~ 1(f<f)
>107 U010 T | 194017 M.00) 40— <8, €8> i

2

> )7 A0 S 12| [ 900) — T ) M)
R?

where IT, is the orthogonal onto J,. Clearly, V(I1, ¢(v))=cv+d for
some ¢ in R and some 4 in R>. Since

() +3c%= | V(I (0))]* M,(v) d®v
rR3
<[ IVB0)I? M, (0) P < [107 e~ 4P I(f)
®R3

by (2.44), we have the inequality (2.12) and the bounds (2.13) and
(2.14). 1
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Lemma 2.5 (Information dissipation bounded below in terms of
relative information for regularized densities). Let f be a velocity density
with zero bulk velocity and unit temperature. Suppose further that f=4%, g
for some other such density g and some A with 0 <1< 1/10. Then,

If)=If )24, J(f)) (2.55)

where

F,,,(l, E) — [lo-le—4/(5).)]2 e~Rw(t:J.)2/). <6-:28> (256)

and
Ry(e, 2) =inf{ R | (2¢ r(R/2) + ¥ pry (RI2) + ¥y, _ -2 (R/2))
<(g/(3+¢)) 1073A[10 e~ 4017} (2.57)

Proof. By direct computation we have
I 3 lav+b4+Vin f(v)|2 f(v) d>v=3(a— 1)+ b+ J(f)=J(f) (2.58)
L2

for all @ and b.
Next, note that for any R> 1,

f lav+b +V1n f(0)]? f(v) d*
loj= R

s3a2j 1012 f(v) d%0 + 3 |b)2 flv)d

lvlz R vl = R

+3f Vin f(0)]? f(v) d’
lv] = R

<@+ B2V U AR)+3027H [ My, e gP(0) d

lv| 2 R
<3ATY[107 e~ YT I(£) ¥ AR) Y, (R) + 10y r, . g R))
< 150471 (107 e~ I()[20 o R/2) + ¥ sy RI2) + Wy, (RI2)]
(2.59)

where we have used (2.4) of Lemma 2.2 in the second inequality, and the
bound on a and |b| provided by (2.13). Then clearly
JUf)

lav+ b +Vin f(v))? f(v) d?v ==

'[lvls Ry(J{S ) 4) 2

where R,(-, 1) is defined in (2.57).
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Finally,
[ 1av+b+Vin )12 Mana(o) d*
113

;f lav+ b+ V In f(0)|2 M 12(v) d*
lo] < Ry(J(0). 4)

> e~ R lav+ b+ V In f(0)[2 f(v) d*

0] < Ry(J(S). 4)

> e~ ReUUARL2 J()
2

since
Mnplf 2 Mounp(Ry(J(f), D)/ f |l

on the region of integration, and we have the uniform bound (2.3) on f.
The result now follows from Lemma 2.4, the fact that I(f) =3+ J(f),
and (2.58). 1

Proof of Theorem 1.1. Suppose that D(f)>=¢ Then by Lemma 2.1,
J(P, f)=¢efor all A< A(y, ), and we have from the discussion in the intro-
duction, the preceding lemma, and the obvious monotonicity properties of
the function ", ,(¢) defined there that

H( )= H() =] U S~ 12,12 1)) dh

A(x.€)
> (NP S)—UP.Sf-Z f)]dA
Ax.e)2
2 [A(x, e)e/4] I'y(A(x, €)/2,¢) |
Theorem 2.6 (Bound on the strong L' rate of approach to equi-
librium). Let f, be a velocity density with zero bulk velocity and unit
temperature and finite entropy. Suppose further that for some function y
increasing from zero, we have y, < x. Suppose also that for some p>2

f ol? folv) dPv < 0 (2.60)

Then the solution of

0
5 /(=1 flv) = fv)] (2.61)
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starting from f satisfies
I fi = M%) Ly < D(S)) < PU(2) (2.62)

where ¥(r) is an explicitly computable function specified below which
satisfies lim, _, . ¥(¢)=0, and which depends on f; only through D(f,), x,
and [ [0]” fo(v) d’v.

Proof. We have shown in ref. 12 that
L SXpSX (2.63)

Furthermore, by a result of Elmroth,'®
[ swa@o<c([ bl s d)
w3} 3

uniformly in ¢, where C is a constant depending only on [gs [v]? fo(v) d*v
as indicated. Therefore if we define Y by
W(R) = c’(j |v|"fo<v)d3v)/k"—2
w3

it follows that
Y,<y (2.64)

uniformly in ¢. Now define ¥(7) to be the solution of the ordinary differen-
tial equation

%‘I’(I)= —v&, (P(1)), with  ¥(0)= D(f,)
By (2.62), (2.63), and Theorem 1.1,

d
ED(fl)g —V¢¢,_Z(D(f1))

The inequality (2.61) now follows from a standard comparison argument,
and it is evident that ¥(¢) decreases to zero monotonically. ||

3. ENTROPY PRODUCTION ESTIMATES FOR THE
HARD-SPHERE COLLISION KERNEL

As indicated in the introduction, we will use the fact that the entropy
production is monotone in the rate function to apply the results of the pre-
vious section to physical collision kernels. This entails the consideration of
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several rate functions at the same time. We shall write 2(f, f; b) to denote
the collision kernel with rate function b when it is necessary to make this
dependence explicit.

In the rest of this section, b denotes the hard-sphere rate function
defined in (1.4). Fix any v>0, and define two more rate functions

! b(v, V', w) for b(v,v,w)=v
(v) ’ —
b, V', ) {v for b(v, v, w)<v (3.1)
and
, {0 for b(v, v, w)=v
bonlv, v, 0) = {v—b(v, v,0) for b(v, b, )<y (3.2)
Notice that 5’ =5+ b,,,, and hence,
— | e sibydo=~| Infaf fib)
-| = [ s 2 i) d’v]
Since 5" > v, we have from Theorem 1.1 that
—j Inf2(f, f; ) d*v> —f In £ 2(f, f;v) d’
Rr3 r3
>v¢|ﬁ/,x,(D(f)) (3.3)

The reason that this bound is useful to us is that we shall be able to
show that with ¢,(v) defined by

#v) = = [ IInf 2 f:bo)l @ (34)

we have ¢(v) = o(v). Thus, for v small enough, ¢,(v) <(1/2) v®,, . (D(f))
and

= [ Inf 21 1) d0> (112)v0,,, (D) (3.5)

Of course, to apply (3.5) to the study of solutions of the hard-sphere
Boltzmann equation f,, we shall need bounds which allow us control the
choice of v for f=f, explicitly in terms of the initial data f;. It is easy to
see why such bounds will hold for a wide class of initial data: Note that
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|6l =v and that the support of b, decreases to the empty set as v
decreases to zero. Thus, any sort of estimate which asserts the uniform
integrability of the functions

In f(v)[f) £(8") — fi(v) fi(v')]

with respect to Lebesgue measure on R® x R? gives us control, uniform in
1, on the rate at which ¢,(v) tends to zero with decreasing v. The first
bounds of this type were obtained by Carleman, and his pioneering work
has since been extended and complemented by many authors, as we shall
shortly explain.

Other bounds are needed to control x, and y, for solutions of the
hard-sphere Boltzmann equation uniformly in ¢ While moment bounds
may be used to control ¥, exactly as in the last section, it is no longer the
case that either yx, or I(f,) is monotone decreasing in ¢, as they were in
the constant-rate-function case. However, estimates on the modulus of
continuity of f,(-) that are uniform in ¢, again a type of estimate considered
by Carleman, can be used to deduce the control we require on y,.

We now collect these estimates on solutions of the hard-sphere
Boltzmann equation in the following theorem. We call the inequalities
stated there “Carleman estimates” because they are, as we have indicated,
all of a type first considered by Carleman.®'® After stating the theorem,
we make a long series of remarks explaining how the theorem, as we have
stated it, may be extracted from published literature. The result we present
is only a convenient case of what is known. But our goal is to illustrate in
the clearest manner possible how the resuits of the last section may be
applied to the hard-sphere collision kernel. We do this by focusing on a
special case—albeit one that is sufficiently broad to be of real physical
interest. After treating this special case, we explain how recent refinements
of Carleman’s pioneering work may be used to broaden greatly the
applicability of our analysis.

Nowhere in the published literature are explicit constants to be found,
and neither shall we provide them here. While all of the constants are
explicitly computable (without even too much book-keeping effort if one
uses methods close to those originally employed by Carleman), our aim is
to show how the size of which constants affect the rate of approach to
equilibrium in which quantitative way.

Lemma 3.1 (Carleman estimates). Let f, be a density with zero
bulk velocity and unit temperature satisfying the bounds

fow)< T+ [v]*) 3 (3.6)
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and
| fo0)— fow)| <Blv—w|  forall v, weR? (3.7)

Then there exists a unique solution of the hard-sphere Boltzmann equation
with initial data f;,. Furthermore, there exist computable constants C and
B, depending only on B and C so that

fv)<C+|v|?)~? (3.8)

and
| fi(v) = fi(w)| < B [v—w| for all v, weR® (3.9)

uniformly in 7> 0.
Finally, there exists a constant 4 depending only on B and C such
that

lIn f,(v)] < A(1 + [v]?)¥? (3.10)

uniformly in > 1.

Remarks and References. The bounds (3.8) and (3.9) under these
conditions are guaranteed by a special case of the theorem on p. 58 of
Carleman’s book."? To see that the constants are computable and how to
compute them, one may consult the proof that is given only in the original
paper, and there only in the special case that the density is a radial func-
tion. However, as stated there, the methods apply without this assumption.
A more general result is proved in full detail by Arkeryd.”

The bound (3.10) calls for more extensive comment. Carleman proves
a bound of this type in Theorem III of his paper (ref. 9, p. 119), but only on
the time interval 0 <1, <t <1, < 00, and of course, only for radial densities.
Again, the assumption that the density be radial is inconsequential (see
ref. 26 for an explicit consideration of this point), but the finiteness of the
time interval would be a problem.

However, inspection of the proof reveals that apart from depending on
to and ¢, the constant 4 in Carleman’s bound depends only on a lower
bound on fy(v) in some neighborhood {v | [v—v,| < d} of some point v,.
Since

3
Lvlsﬁf,(u)d v?l/Z

for each ¢, there must be some v, with |v,| s\/f such that f,(vg) = 3/(4n).
Then, since (3.9) holds, we have

f(v)=10"" uniformlyon {v||v—0v,| <(10B)~"'}
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Replacing f; by f,_, and taking 7,=1 and ¢, =2, we find that Carleman’s
argument now gives us

[In f,(v)] S AL+ |v]?)*?  for t<s<t+1

where A4 is independent of 7> 1. In this way, the bound (3.10) may be
extracted from published proofs.

Lemma 3.2 (Upper bound on entropy production for rate function
b,)). Let f be a finite-entropy velocity distribution with zero bulk velocity
and unit temperature. Suppose further that f satisfies the Carleman
estimates (3.8)—(3.10). Then

J., [jw J,, In )1 76) £0) = 10) S} b0, ', 0) d3u'] deo
< 1024Cy3/2 (3.11)
where 4 and C are the constants of (3.8) and (3.10).
Proof. For each fixed w, define E(R, v) by
E(R,v):={(v,v") | |(v—v")-@| > vand |v]* + |v'|* < R?}
Then

Uw Las In £ (0)[f() £() — f(v) f(0')] byy(v, V', @) dP0 dPv'
SZACJJ (1+|v|2+|v/|2)3/2(1 +IU|2+|U'|2)_5 dgvd:;v,
E(R,v)

+2AC” (14 02+ 10122 (1 + o] 4 [v'%) 5 dPv d%'

1w+ |v'12 = R?

(3.12)

The first integral in (3.12) is no greater than 24C times the Lebesgue
measure of E(R,v). The second integral in (3.12) is no greater than
(87%/3) R~

We now estimate the Lebesgue measure of E(R,v). We shall denote
the Lebesgue measure of a measurable set E by |E|. First, fix @ and v.
If |(v—v'")-w| <v, then for any a, either

[cos 3| <v*  or [o—v'| g v—®

where 3 is the angle between w and v—v'".
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Clearly
[{v||v|*< R* and |cos 9| < v*}| < nR**
and thus

[{(v, v") | [v*| + [v'|> < R? and |cos 8| <v*}| < (4n%/3) R*V®
Evidently,

[{(v,v') | |v]*+ [v'|*< R?and |v—v'| < v"' ~¥}| < (4r/3)2 RSV~

Altogether,

“RJ Iw In f(0)[f(D) f(B') = f(v) f(v')] buy(v, v'w) d*v dPv’
SVAC((87%/3) R~ + (4n%/3) RPvec + (4m/3)> ROV ~*)

Now choosing R=v~%" and a=21/25, so that each of the three terms
above contains the same power of v, and averaging over w, we obtain the
stated result.

We now use the Carleman estimates to control y, uniformly in 7. We
shall make use of the fact that when f satisfies the bound (3.8), then 7 is
integrable for all p>3/10. (In fact, an easy argument using Holder'’s
inequality shows that f7 is integrable for all p>3/5 whenever f is a
finite-temperature density. Thus, what we now do can be extended to a
much more general setting, as we later explain.)

We shall denote [ [ f7(v) d*v]"” by || f|, for all p>0; the fact that
[I-,is only a norm for p>1 shall be without consequence below.

Lemma 3.3 (Continuity estimate for the entropy). Let f and g be
two velocity densities with zero bulk- velocity and unit temperature which
satisfy the bound (3.8). Then

|[H(f)— H(g)| S [10(C+e)In(C+e)+10°C'2] || f— gl }® (3.13)
whenever || f — g||, <1, and where C is the constant in (3.8).
Proof. We have

IfInf—ghngl<|f—g"?-|fInf]
+ 18- |f"Inf—g"Ing| (3.14)
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We shall separately estimate the integrals of each of these terms over the
following sets, defined for any fixed ¢ > 0:

Q,={v| f(v), glv) =c}
Q,={v|f()22c,c>g(v)} U {v] g(v) =2, c 2 f(v)}
Q,={v|2c>f(v), g(v)}

We shall bound the integral over 2, using the fact that | f — g| is small
on £2, when || f— gl|, is small. We shall bound the integral over 2, using
the fact that Q, is a small set when || f— g|i, is small. We shail bound the
integral over £, using the fact that f and g are small on Q, when || f — g||,
is small, together with the fact that || f],, and || f|,, are controlled
by (3.8). ‘

First, note that ||(f"?1n f)|, <2+1n C. Also, on Q,, | f'2— g'?| <
Je='2| f—gl, and

|/ Inf— g In gl <(1+c7 )| f—gl
Thus,
'f L@ =g ) -1 S n f1+ 18" -1/ In f(v) — g In g(v)| ] d°v
2,
S[A+InCR2)c "+ CVInC1+c )] f-zl. (3.15)

Next, note that
If=gli=| 1/w)—gw)id*v=>] cd®=ciy
22 2
Therefore,
[0S0 =g @) 1210 f1 418" -1 £ In f(0) - £ In g(0)] ]
2;
S4ClnCc ' f-gl, (3.16)

Finally, note that on 2, for all c<1, g"Ing, Y Inf<(1/y)c*—7
for any y > 0. Therefore,

L [/ 0) =g -1/ In 1+ 18] -| £ In f(v) — " In g(v)|]

<) 211G+ 3 1gli3) (3.17)
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By summing (3.15)-(3.17) and then choosing c=| f— g||?* and
y = 1/6, we obtain the result. ||

Lemma 3.4 (Bounds on yx, for densities satisfying Carleman
estimates). Let f be a velocity density with zero bulk velocity and unit
temperature. Suppose further that f satisfies the Carleman estimates (3.8)
and (3.9). Then for all 11072,

Z (W) <K (C)1+[v]?)~3 (3.18)
where K,(C) depends computably on the constant C in (3.8). Moreover,
xr(A) < Ky(B, C) A17*° (3.19)

where K,(B, C) depends computably on the constants B and C of (3.8)
and (3.9).

Proof. We recall the notation g;,(v) =e**g(e*v). Then, using * to
denote convolution, we may rewrite (1.14) as

PS=(M;_.-vy2xf) (3.20)

Fix any a >0, any v, and any R < |v|. Then

[ M) f0—w) aw
w3

= M (w) flo—w) d’w+ M (w) flo—w) d’w

Iwi< R iwl=z R

SC{[1+(|UI—R)2]"5+ Ma(w)d3w}

Iwl =R

<SC{L+ (Jol = )15 + 1 2[x + (2/x)] e~ ¥}
where x? = R?/2a. We choose R so that x2=6In(1 + |v[?). Then
1= 2 [x 4 (2/x)] e~ < 187~ 2[1 + (|v] — R)?] 3

Next, we have R<(12a)"?|v|. In our application, a=e* —1<2le?* <
(1/50) e'*°.  Thus, R<(1/4)|v|, and - hence [1+ (Jv]—R)*]7°<
20(1 + |v|?)~>. This establishes (3.18) for |v| > 2~ 2. Since we clearly have
2. f)<C, for all v, (3.18) holds for |[v) <2~ "% As the first step in
proving (3.19), note that by an elementary computation, H(# f)=
H(M i _, * f)— 34, we have that

WA SHM 2 * [)—H(f) (3.21)

822/74/3-4-21
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By (3.19), we may apply Lemma 3.3 provided we can control
IMzi_y * f— fl Lasy- To do this, we introduce the L'(d*v) modulus of
continuity (- ):

8/(r)=sup { [, 1o+ w)—fo)l d 1w sr} (3:22)

Note that for |w|<1 and R>2,

[ 1w+ w)= f)l d*0 < (4n/3) BR® [wl + C(87/7) 2°R ™"
IRJ

Choose R=2 |w|~"'° and obtain
8,(r) < (102B + 10C) r"/1° (3.23)

Also, since f is a density, d,(r)<2 for all r.
Then since

| M,y *f_f"l_'(d’o)

< Mru_l(w)(J (04 w)— f(0)] d3v> d*w
R} R3

<(4n/3) R*(R)+2 Mo _(w)d’wle

|wl 2R

+ (41/3) R¥(10°B+ 10C) R+ 6(e** — 1) R~2
Choose R=2(¢* —1)'3, and finally obtain
M iy * f— [l pyasey < Ks(B, C) A0

The result (3.20) is now a consquence of Lemma 3.3. ||

As explained at the beginning of this section, the following theorem is
a direct consequence of Theorem 1.1 and the lemmas proved here.

Theorem 3.4 (Entropy production bounds for the hard-sphere colli-
sion kernel). Let f be a density with zero bulk velocity, unit temperature,
and finite entropy satisfying the bounds (3.8)-(3.10). Then there is a strictly
increasing function @, 5 ~: R, - R, depending only on the constants A,
B, and C in (3.8)-(3.10) such that

- J.,,; In f(v) 2(f, )W) d’v = D, 5 A(D(f)) (3.24)

where 2 is the Boltzmann collision kernel for hard spheres.
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Because of Lemma 3.1, we now obtain an analog of Theorem 2.7 for

the hard-sphere Boltzmann equation for initial data satisfying bounds of
the type (3.5) and (3.6).
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